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In the setting A C B C A[x], if B is a Km11 domain with torsion class group, 
so is A. Further relations are discussed, C(B) is proved to be an extension of 
C(A) by a finite group. The structure of B is described. Some examples are 
provided for the non-torsion class group case. Also, some conditions are stated 
under which B = A[f ] for some element f in A[%]. 
1. INTRODUCTION 
Let A, B be commutative rings with fields of quotients k, K, respectively. 
Let A[x, ,..., x,J denote the ring of polynomials in n variables, rz > 1, and set 
A[x,] = A[%]. Denote by k(x, ,..., x,) the field of rational functions over k. 
We assume A C B C A[x, ,..., x,J. 
In case B is a Dedekind domain and A is a field, then B = A[f] for a suitable 
f in B (e.g., [4]). One goal of this work is to generalize this type of result, while 
another goal is to obtain converse type results. 
For a prime ideal p in a ring R, we denote by ptTn) its mth symbolic power, 
that is ( PR,)~ IT R. For n = 0 we set p” = p(O) = R. 
For a Krull domain A whose field of quotient is k, we term Y a discrete 
valuation ring over A if A C V C k, and we term V a discrete valuation ring for 
AifACVCkandV=ApforsomeheightoneprimepofA. 
For a Krull domain A, we denote by C(A) its divisor class group, we identify 
the divisorial ideal I with its image in C(A), and we denote by I = J the cquiv- 
alence in C(A) of the divisorial ideals I and /. 
For a fractionary ideal 1, denote by 1 = fi {IP 1 p-height one prime ideals}, 
that is, 1 is the smalles divisorial ideal that contains I. 
A subintersection of a Krull domain A is an intersection of any subfamily 
of discrete valuation rings for A [8]. 
If A is a (Krull) Dedekind domain with torsion class group, then any (flat) 
overring of A is a localization of A [6, 9, Ill. Every subingersection of A is a 
localization of A if C(A) is a torsion group [S, 141. 
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A finite set of integers n, ,..., n,? sucht that 1 < n, ( ... < n, is a S-sequence 
if (i) n,/s < n, z ./’ f or i = l,..., (s - 1) and (ii) ni = min[n ) ns - n,i > 01. 
A nondecreasing set of integers n, ,..., n, ,... is a A-sequence if (i) for some 
integer s, n, , . . . . n,? is a a-sequence and (ii) for each integer t, if t -= us + T, 
where v 3 0, s 3 7 > 0, then n, = an, + n, . 
The integer s is uniquely determined by the A-sequence, and we refer to it 
has the length of the sequence. 
2. THE TORSION CASE 
The purpose of this section is the study of the case of a Krull domain B with 
torsion class group. 
For the convenience of the reader, we divide this section into five parts. 
The first three are devoted to reducing the problem of investigation ot the Krull 
domain B with torsion class group, first to the case where K(x) = K, or kB = k[x], 
secondly, to the primary case, that is, to the case B = A[x] n W, where IV is a 
discrete valuation ring for B, then finally to the local case, that is, the case where A 
is a discrete valuation ring. These reductions produce some numerical invariances 
for B, and among other things proves that C(A) is a torsion group. In Section D 
we state the main theorem and an inverse theorem. Section E is devoted to some 
possible generalizations. 
The prime ideals in B and relations between C(A) and C(B) are investigated 
too. 
Specializing the results to the case where A is a Noetherian (UFD, PID, 
Dedekind) domain yields in general stronger conclusions. We point out some 
possible specializations in due course, while most of these possibilities are left 
to the interested reader. 
A. First Reduction. 
For the rest of this section, unless otherwise specified, A is a Krull domain 
A C B C A[%], and B is a Krull domain with torsion class group. Some of the 
results may be generalized, however we do not aim at getting the most general 
results. 
We start however with a general proposition that is be useful in various other 
cases too: 
PROPOSITION 1. Let A and B be integrally closed domains. If A C B C A[x], 
A C B C A[x], then for some g(x) E k[x], B C A[ g(x)] and K = k( g(x)). 
Proof. If A = B, take g(x) = 1 and we are done. 
If A f B: Since B is integrally closed, kB = k[k(x)] for some h(x) E A[x], 
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say h(x) = h, + .*. + h,!@l and h, ,..., h, E A. Without loss of generality we 
may assume that h, = 0. 
In case A is a field, we are done (e.g., [4]). 
In case A is not a field, set g(x) = (l/h) h(x), h = nyLr, hi (n’ denotes that 
the product is of all nonzero hi’s). 
Let V be any valuation ring over A with maximal ideal m. Let V[x],,,,, = H’, 
then W is a valuation ring over A[x] with maximal ideal &J = FE’. In fact, 
if ZJ denotes the valuation correspondingt to V, then w(aO + ... + unxn) = 
min{w(aJ 1 a, # 0} for every element a, + .‘. t u,xn in A[x] extends to a 
valuation, and W is its corresponding valuation ring. Since g(x) = (l/h) h(x), 
w(g(4) + +) = w(Q)), we have w(g(x)) = min{v(h?) / h, f 0) - 
Ch .+@ v(hJ < 0. Consequently l/g(x) E W. 
Since B C A[x] and B C k[ g(x)] we have B C (A[x] n k[ g(x)]). Whence to 
prove the proposition it suffices to establish the inclusion (A[x] n k[ g(x)]) C 
4 &)I. 
Let u = u,, + uig(x) + ... + usg(x)” E k[g(x)] n A[x], ui E k for i = O,..., s, 
andu=v,$...+v,xt,niEA. 
Comparing the free term on both sides of the equality 
u() + ulg(x) + ... $ u,g(x)” = W” + “. + z+xt 
we get u0 = wO, as g(0) = 0. Whence z+, E V. Furthermore, u,g(x) + ... + 
usg(x)” E W. Since (l/g(x)) E W, u1 + ... + u,g(x)s-l E W, also ui + ... + 
usf(;/(-~~ “,[x]. Since k[x] n W = V[x], u1 + ... + u,g(x)s-l E V[x]. 
1 ,..., ui E V, and z+g(x) + ... + u,g(x)“-i E V[x], then ui + ... + 
u,g(x)s-i-l E K[x] n W = V[x] as (l/g(x)) E W. In a similar way to the case 
i = 0 it now follows that ui E v and ui+,g(x) 1 ... + u,yg(x)s-i-l E V[x]. We 
may thus apply induction to derive u0 ,..., u, E I’. 
This being true for each valuation ring V over A, and since iz is the inter- 
section of valuation rings, ui E il. This completes the proof of our claim. The 
proposition now follows. 
From here on, whenever A and B are integrally closed domain with A C B C 
A[x], we assume that K = k(x). 
Observe that if B is integrally closed, then A = B n k is integrally closed. 
So that in Proposition 1 it suffices to assume only that B is an integrally closed 
domain. 
If B is a Krull domain then A is a Krull domain since A = B n k. In fact, 
the discrete valuation rings for A are induced by the discrete valuation rings 
for B (e.g., [2]). 
From here on, unless otherwise specified, A is not a field. 
Let 4 be a hiehgt one prime in B for whichp =_pn A f 0, and let both A and 
B be Krull domains. Let J’ be a torsion element in C(B). Since p # 0 it follows 
that for some integer t an element a E A exists sucht that fcf) =Bu, as iz C B C 
A[%] and 0 +p”Cp tf) n A. Since pt C Bu n &4 = Au, and since -4~ is a 
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divisorial ideal in 14, it follows that p is a height one prime in A, and that for some 
integer X, ptR) = Au. In particularyp is a torsion element in C(A). The order of 
p in C(A)-is s iff the order of _P in C(B) is t and the ratio s / t is an integer that 
equals the _P-adic valuation of the ideal pB. To verify this, we observe that if 
P(~“) =-- Aa’ with s’ ;, 0 smallest possible then s = ms’ whence (Aa’)nl = Aa. 
Therefore (Bu’)~I = Ba. Thus Ba’ = pet’) and mt’ = t. 
The same type argument yields that for each positive integer r there exists 
a positive integer m such that p(r) n 4 = ~(~1. Consequently: 
LEMMA 2. Let A, B be Krull domains and C(B) a torsion group. Then for 
each divisoriul ideal J in B, J n k is a divisorial ideal of A. 
Proof. Assume J n k f 0. Let J = _Prl) n ... n PXm), where pi are height 
one primes in B, and ri are positive integers. Since J n A # 0, then_P, n A f 0. 
Consequentlv Pro i) --z n A = peso), where pi are height one prime ideals in A, 
and si are positive integers. Whence 
1 = J n -4 = #I’ n ... n$($) is a divisorial ideal. (“) 
In case some ri are negative integers, since pi are torsion elements in C(B), 
then Bai = pbfi) for suitable positive integers ti and suitable elements ai in A 
for i = l,..., m. We may replace J by J’-a product of J by powers of the 
elements a, if necessary-so that ri are positive integers. This change keeps 
unaltered the condition J n ;II /- 0, that is, upon replacement by J’, we have 
J’ n il f 0. Consequently, (*) holds, where for negative ri we have pcss) = 
(A n _PC-rz))C-l) = k n _P(r2). 
Remark. (1) pi ;i- pj whenever -Pi + -Pj as both pi and -Pi are determined 
by a suitable element ui in A such that Au, = pi”;) and Bui = Pjti) for 
i = I,..., m. 
(2) If J+ is the positive part of J, then J n ‘4 = J+ n A = 1,) thus 
J n A4 is divisorial. 
In particular, Ji = B: Bx’ is a divisorial B-ideal, thus Ji n A = Ii is a 
(positive) divisirial A-ideal. izlso Ii can be interpreted as {a / axi E B, a E A)-. 
We have: 
LEMMA 3. The ideal Ii is a di,visorial A-ideal for each i > 0, whenever A 
and B are Krull domains and C(B) is a torsion group, 
Notice that bxll E B implies b(bxn)n-1 - (bxn-l)lL whence bx”-1 E B. Whence 
B: Bx 3 B: Bx2 3 ..., that is J1 3 J2 T) ..,. Furthermore, if (Ji), ==ppl) n .” n 
P(rml) where rjl + 0 for allj then - 972 
( Ji), _ @‘I*) n . . . n f>i), where rjj f 0 for all j. 
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Therefore, I1 11,3 “‘, and if II = pf11) n ... np$l), where sir # 0 for all i 
(’ .) then Ii = p$+) n . . n pmm* w here sji # 0 for allj, and for all i. 
For the rest we assume that A and B are Krull domains and C(B) is a torsion 
group. Without loss of generality we also assume that kB = K[x], and we denote 
the divisorial A-ideals {u / uxi E B, a E A} by Ii . 
The A-ideals Ii are proper whenever B # A and B # A[x]. For arbitrary 
Krull domains A and B, the ideals Ii are not necessarily divisorial. It may happen 
that the associated primes of Ii are not of height one (see Example 3). 
B. Second Reduction. 
We proceed in this section investigating the setting: A is a Krull domain, 
B is a Krull domain with torsion class group, and assume B # A, B # A[%], 
KB = k[x], and Ii = {a / UZX+ E B, a E A} the decreasing sequence of divisorial 
ideals of Lemma 3. We assume that A is not a field. 
Let W be a discrete valuation ring over B, with M its maximal ideal. If 
a n -4 = 0, then K C W, whence K[x] = KB C Wand therefore W is a discrete 
valuation ring for B, and A[x] C W. If @ n A $ Ii for some i > 0, then xi E W, 
whence x E W. Consequently, A[x] C W. Thus if A[x] g W, then M n A 3 Ii 
for all i > 0. In particular, let @be a height one prime in B such that B, = W 
does not contain A[x]. Then @n A = m 1 li . By Lemma 2 m is a height 
one prime ideal in A thus V = A, = W n k is a discrete valuation ring. 
If ,4 is a field then B = A[f] (e.g., [4]). 
PROPOSITION 4. Let ;4 and B be K&l domains, and let C(B) be a torsion group. 
Then B = A[x] n W, n ... n W, with n < m, where I1 = prl1) n ... n pJ,fy), 
sib > 0 for i = l,.,., m, and W, ,..., W, are discrete valuation rings for B, such 
that A[x] p Wi for i = l,..., n. 
Proof. B equals the intersection of its discrete valuation rings. For each 
discrete valuation ring W for B, W = B, , if r2[x] p W, then p n A =p, for 
some i, 1 < i < m. In particular, for some integers s and t, an element pi E A 
exists so that ,4pi = pi”) and Bpi = J’u). In particular, overp, there is just one 
height one prime 4 %-r B, whence pi completely determines W = B, . Thus, 
there are at most m distinct discrete valuation rings W, ,..., W, , n < m, for B, 
such that A[x] $ Wi for i = I,..., n. Furthermore, any discrete valuation ring 
W, for B that contains X, is also a discrete valuation ring for the Krull domain 
A[x]. There results the following inclusions: B C A[x] n W, n ... n W, C 
(J W, n W, n ... n W, = B from which the proposition follows. 
Notice that unless B = A[x] we have n 3 1. Our aim is to prove that m = n. 
To achieve this goal we need some further information about B. 
First, we study the case n = 1, D = A[x] n W. 
The following Lemma is a special case of [5]. We add its proof for the sake of 
completeness of this work (see also [S]). 
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LEMMA 5. C(A) is torsion group. 
Proof. Letp be any height one prime in A. Ifp 3 Ir thenp is a torsion element 
in C(A), as in this case p = -P n A for a suitable height one prime -P in B, and 
j’ being a torsion element in C(B) forces p to be a torsion element in C(A). 
Ifp is a height one prime in A andp 3 Ii , let JJ = pA[x]. Then &Z is a height 
one prime in A[%]. Set _P = @ n B, then p 3 1, whence x E B, , thus A[x] C BP, 
and therefore A[xlM = B, . In particular J’ is a height one prime in B since 
B4 is a discrete valuation ring. Also p n A = p. As _P is a torsion element in 
C(B) it follows that p is a torsion element in C(A). 
Consequently, every height one prime ideal in A is a torsion element in C(A), 
whence C(A) is a torsion group as claimed. 
Let IV = Wj for some i (see Propositon 4), then: 
COROLLARY 6. D = A[x] n W has a torsion class group. 
Proof. Let W = W, = BD1 , let p = p, ... p, , where BDi = Pi for 
i = 2,..., n. Since p is invertible in W, and since D = A[x] n W, one verifies 
that D = B[l/p] n A[x], and D[l/p] = B[l/p] = Wn A[l/p; x]. There exists 
a natural epimorphism C(D) -+ C(D[l/p]). Its kernel is generated by those 
height one prime ideals Q in D for which pi E Q for some i, 2 < i < n. 
If for such an height one prime Q, x E D, , then Q = piA[x] n D. 
If for such a height one prime Q, x # D, , then Q = P, where P is the unique 
height one prime in D for which x $ D, = W. But this is impossible, because 
it implies that pi e PI for some i, 2 < i < n, as W = BP . 
Consequently, each pi belongs to precisely one height bne prime in D for all 
i, 2 < i < n, and these primes are necessarily torsion elements in C(D). 
Therefore, the epimorphism C(D) + C(D[l/p] is having a torsion kernel. 
Its image is a torsion group since C(D[ 1 /p]) = C(B[ 1 /p]), and B[l /p] is a locali- 
zation of B. Whence C(D) is a torsion group as stated. 
Let A be a Krull domain with torsion class group, and let W be a discrete 
valuation ring. Then D = A[x] n W does not necessarily have a torsion class 
group (Example l), except when A is a discrete valuation ring. 
The case where we have an intersection of A[x] with finitely many discrete 
valuation rings is discussed later on in more detail. 
We proceed studying the Krull domain D = A[x] n W with torsion class 
group. Let M be the maximal ideal of W, Q = JJ n D and p = &J n A. 
Furthermore, we assume D + A[x], sop # O,Qft) = Da, a E A. 
Consider the divisorial ideal 1, = {a 1 ax E D, a E A}, then 1i = pcm) n 1; , 
where 1; is a divisirial ideal, and p $1; . We claim that 1, = ~9): let a ~1; , 
a$p, and uep M) Then aux E D. Since a $p, l/a E W whence ux E W, also . 
ux E A[x], thus ux E D and u E II . Consequently p(m) C I, whence I, = pcm). 
As the minimal primes of I1 are precisely these of Ii , Ii = {a / axi E D, a E Al, 
and sinceI, 31,X ... we haveJJ == ~(~1) and n, < n2 < .... 
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Since Qu) = Da, a E A, then a EP. Therefore, a(x) = a, + ... + a,xn 
in D is not an element of Q whenever ai $p for some i, 0 < i < II: such an 
a(x) is primitive in A&x] while if a(x) EQ then a(~)~ E Da, so a(x)” E A,[x] a 
with a E p. 
LEMMA 7. If a,, + ... + a,xn E& then ai up for i = 0 ,..., n. 
Consequently, we may derive 
COROLLARY 8. (xA[x] n D)CpA[x]. 
Proof. Let a,x + ‘.. + a,xn E D. Since I/x E W have a, + ... + a,xn-l E 
A[x] n ?V = D, and furthermore a, + ... + a,~“-l = (qx + ... + anxn) . 
(I/x) EM. By Lemma 7 we have ai EP for i = I,..., II as stated. 
Let a be the valuation corresponding to W. Let u(a,) = Zi for i = l,..., n. 
Let ~(1~) = min{v(a) 1 a ~1~) = fi for i = 1, 2,..., where Zi = {a 1 uxi ED, 
a E A}. With this notation we have: 
PROPOSITION 9. D = AIIlx ,..., Inxn ,... 1. 
Proof. Let a,x + ... + a,x” E D. If Zi > fi for i = I,..., n, we are done. 
Suppose li > fi for i = I,..., (j - 1) (set j = 1 if Zr < fJ. Let 1 = min(Z, / 
i > j), and set li = Zi - Z for i 3 j. Then 
u(aixj + . . . $ unxn) = exj(ui + +.. + &F-j) E D, 
where e = a. ,,,i,>j, i,- , Z - Z and ea; = aiu for i = I,... , n, for some element 
u $p. For i = iO, we have aI,= u $p, and ~(a;) = Zi - 1. If exi 6 D then 
exj q-k W, whence a; -+ 
u; + ... + 
... + a,x”-jE Wn A[x] = D. But ai = u#p so 
aAx+j $ $3, 1 /(uj’ + ... + aAxn-i) E W. Therefore exj E W n A[x] = D, 
thus v(e) = v(e) = Zi, > fj , however Zj 3 Z”, > fj is a contradiction to the 
hypothesis Zj < fj . This contradiction proves the claim. 
Let z, denote the valuation corresponding to W, let U(P) = n and v(x) = -m, 
then n > 0 and -m > 0 since x $ W. Let t be the order of Q in C(D), that is 
Dtt) = Da for some a E A. Also, we denote byI, = {u 1 axi E 6, a E A}, whence - 
Ii = pcnl). we have: 
THEOREM 10. With the above hypothesis and notations the foZZowing hold: 
(a) ni = min{s / m - mi 3 0). 
(b) Ijxj contains an invertible element of W for some j, j < n. 
(c) B = A[&x,..., I,x’] for some r, r < nt. 
Proof. (a) Since p (nc)~i E W we have nin - im > 0. On the other hand, 
for each s, such that sn - im > 0, pick an element a in A for which v(a) = sn. 
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Such an element exists, as an element a’ in A exists for which +a’) = n, since 
a(p) = n. For this element a in A we have v(axi) = sn - im 3 0, so uxi E W, 
also axi E A[x], thus UX+ E D whence a E Ii --= ~(~2). This proves (a). 
(b) Forj = n, Inx” contains an invertible element: Let a be an element in 
A such that v(a) = n. Then w(u”xn) = mn - mn = 0, whence urnzen E IIT 
and anlxn E A[x], thus u%vn E D, and also since v(u”‘x”) = 0, then (untxn)-i E W. 
Obviously am E 1n . 
(c) We prove that D = A[l;~,...,1&~]. By (a) we have n,, = min{s j 
sn - mnt > 0} = mt, thus1 nt =: pcnlt). As Q(“) = Da, and u(p) = n, u( ~9~~)) = 
mnt, so p tmt) = 4~“~. Let dx” be an element in D, for which s > nt. Then 
v(d) 3 irn > mnt. Thus d E Aumn, d = cumn for some c in A. We have dx” == 
(P~x~~)(cx~-~~), where urn%+, czc-at E A[x], v(~~?zc~*) = 0, ~(cxs-“~) = 
a(dx”) 2 0. Thus a?@, CX~-~~ E W n A[x] = D. Therefore, whenever s > nt, 
we can express it as a product of an element in Imtxnt by an element for which 
the power of x is less than s. Proceeding this way to decrease the power of x 
this claim is proved by induction. 
Remark 1. For part (c), any Y for which 1, is a principal ideal, and I@ 
contains an invertible element of W may serve, as well as r = nt. In particular, 
r < 12 in case A is a UFD. 
2. In case A is Noetherian, and in case A is a UFD, B is a finitely generated 
A-algebra. 
3. The way the reduction in powers of x is carried out also proves that 
ifs = a(nt) + p, (T > 0, nt > p > 0, then n, = amt - n,> .
C. Third Reduction. 
We proceed with the hypothesis and notations of Section B. Furthermore, 
let S = A -p, then A, = A, is a discrete valuation ring, A, CD, C A,[x], 
and@nA, ==pA,. Let p be an element in 4 that generates pA, as an ,4, 
module. 
Lemma 11. uxi~DiSfu~p~‘A~. 
Proof. The proof is straightforward as UX~ E n iff a E p(lli), and this is the 
case iff uEpnfAp n A. 
Hence, as far as relations among the q’s, we may assume without loss of 
generality that D = A[p%,..., pn@] for suitable integers 1 < n, < ... < 
n,s = t, and s and that A is a discrete valuation ring. The hypothesis C(D) 
is a torsion group, and D = A[x] n W remain unaltered obviously, as W 3 A, . 
Proceeding with the hypothesis that A is a discrete valuation ring. Observe that 
by Remark 3 following Theorem 10, if D = A[p%,..., p%cT], then n, for s > Y 
is determined by n, ,..., n, , by n, = un, + n, for u > 0, Y > p > 0, where 
s = UT + p, where Y is the smallest possible. 
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LEMMA 12. The smallest possible integer Y for which D = A[pnlx,...,pnrxr] 
is de&mined by 
Y = min s 
1 I 
2 3 If? for i = I,... . 
2 S 1 
Proof. By Remark 1 following Theorem 10, r is determined as the smallest 
integer s for whichpnsxS is invertible in W, that is z)(p”*x”) = 0, or mn, - ns = 0, 
thus (n,/s) = (n/m). For each i, v(pntxi) > 0, so nzni - ni 3 0, thus (ni/i) 3 
(n/m) = (n,/s) as stated. 
Set1 <n,,(~~~~n,=s,y=psxr,thenv(y)=O.Leta(x)=a,+~~+- 
a,x”, and let v(uixi) = ~(qxj) withj > i. Then ~(a~) > ~(a,), so in the discrete 
valuation ring A aj = a$, . Thus ajxJ = (a;xj-i)(a,xi), and v(+-i) = 0, 
in particular u;xjPi ED, and moreover u;x~-~ = ujylni for some invertible 
element uj in ‘4 and some positive integer mj . Grouping together all elements 
aixi for which z~(qx() < v(u,x~) forj = O,..., n, their sum is of the form (uixi) x 
(1 $ ur ynl* + ... + uiymr). Recall that a#, 1 + ur ~“‘1 + ... + ujymj E D, 
and 1 + u1 ~“‘1 + ... + uj ~“3 # M (being a primitive polynomial and JJ n D 
being a torsion element in C(D)) we have 
LEMMA 13. For 0 # u(x) = a, + ... f a,xn E D, v(a(x)) = min[u(uixi) 1 
ai =/ 01. 
In particular, as for some element a(x) E D we have ~(u(x)) = 1, there exists 
some i for which v(uxi) = 1. As U(U) = W(P) = un for some integer u, 
un - im = 1, whence m and n are relatively prime. Furthermore, v(p”~) = 0 
and v(pixj) = 0 iff we have pixj = (P~~x~)~ for some integer 1. Therefore, 
PROPOSITION 14. D = ~[P~Qx,..., pmx?l], and n is the smallest possible r 
for which D = A[pnlx,...,pnrxr]. 
The information so far gathered suggests the following type results as con- 
verse type theorems. Still assuming that A is a discrete valuation ring: 
PROPOSITION 15. Let n, ,..., n,S = t be a &sequence with s, t relatively prime 
integers. Then; 
(1) 11 C uixi I/ = min(// uixi I/ 1 ai # 0), where /I uixi 1) = (1 ai I/p s - it, )I ai II?, 
standsfor thep-adic valuation on k, induces a valuation on k(x). Denote its valuation 
ring by W. - 
(2) a[x] n W = A[pnlx,...,pnsxS] = D. In particular, D is a Krull 
domain. 
(3) C(D) is u cyclic group of order s. 
Proof. (1) To verify // a(x) + b(x)11 > min(lj u(x)ii, 11 b(x)ll), it suffices to 
observe that /I axi + bxi )I = I/ a + b llBs - it > min(ll a I/, , 11 b 11,) s - it when- 
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ever a + b # 0, a # 0, b # 0. If 11 a /12, # 11 blip (11 uxi (/ # Ij bxi II) the sign 
= holds. 
To verify Ii U(X) b(x)11 = ,/ Us! + ii b(x)jl, let z’,j be maximal indices so that 
a$ and bjxj have minimum values in U(X) and b(x), respectively, that is, 
i = max{i / 11 a& 11 = 11 a(x)ll},j = max{j / /I b,xj 11 = 11 b(x)lj}. Set c(x) = U(X) b(x). 
For each m, n, if a,, # 0 and b, # 0 then (I u,xn’ I/ + /I b,xn 11 = (s I/ a,, j,,, - mt) + 
(s j/ b, /ip - nt) and /j u,b,xnt+n 11 = ~(11 unbn 11,) - (m + n) t, and as 11 lip is a 
valuation, 11 u,xn 11 + /I b,@ 11 = 11 u,b,xm+n 11. In particular, Ii a,xm / I :I b,xn 11 > 
/I u(~)ii + 11 b(x)ll. Therefore, // c,+,x~‘~-~ 11 > /I u(x)11 + // b(x)lj. For ci- jx*i~~j we 
have i’ a,~” II > II @)I!, II b,x” II > II b(x)ll, w h enever m > i, n > j. Consequently, 
11 c+xi+j - u,bjxi+j 11 > 11 u(x)11 + /I b(x)ll. Writing ci+&j = (ci&+j- aib&+j) L- 
uibjxi+j, since 1: ~+~xitj - u,bjxi i 1 Ii > I/ u,bjxi+j //, then iI Cit-jxi-cj ~7 j u,bjxi-j ~, 
whence I! c(x)11 = )I ci+jxiTj // = 11 a(~)11 + // b(x)ji. 
(2) Let x uixi E A[x] be such that /lx aixi 11 > 0. Let /I UXT 11 = j x uixiI:. 
In case Y < s, I! a lip 3 11, as Ij a lip s - rt > 0 and n, is the smallest integer n 
for which 71s - vt > 0. Thus a epnr and ax’ E A[x] n W = D. In case Y > s, 
the inequality I/ a lip s - rt > 0 implies I/ a iip > t. Therefore, a’ = (a/p”) E iz, 
so a’~‘-” E A[%], also iI a’~“-” 1~ = 11 uxT Ii, so u’x+” E W. Furthermore, ptxs E D 
so that ax’ = (a’~‘-“)(pfxs), and we may proceed with u’xT-” to reduce the power 
of x if necessary. Therefore, uxr is always an element of D = A[pnlx,..., pnsxS] C 
A[x] n W. Proceeding now with u(x) - ax? E il[x] n W, the result follows by 
induction. 
(3) Let & be the height one prime ideal in D, for which Do = W. As 
1 <n,, D # A[x], so Q n A = q # 0. Since A is a discrete valuation ring, 
q is the maximal ideal of 2, that is q-== p. Furthermore, p = Ap for some element 
i in A. Consider the ideal Dplll di 11 > lip I&, . s z s for every 0 f d E D. 
Thus Dp CQts). Also, if uxT EQ(~), that is, /I a lIn s - rt 2 s, then 1 u/p Ii,, s - 
rt > 0, hence (1 u/p !lD 3 0: Consequently, (u/p) x7 E D so that ax’ = 
[(u/p) x’] . p C Dp, thus &tB) C Dp. Therefore, &t8) = Dp, and in C(D) - & 
is a torsion element. 
Consider the localization D[l/p] of D. The ring D[l/p] contains Iz[x], since 
A[l/p] = 12, and PVX E D. Thus the ring D[l/p] is an overring of k[x] within 
K(x), whence D[l/p] is a localization of k[x]. In particular C(D[l/p]) = 0. 
The kernel of the epimorphism f: C(D) - C(D[l/p]) = 0, consists of those 
primes J’ in D of height one for which _P n {p”},,i # 0. That is p G p. Since 
Dp = Q(S), it follows that p = Q. Thus C(D) is a torsion group, and one easily 
argues -hat the order of Q is actually s, so that C(D) is a cyclic group of order s. 
In fact, with a slight modification we can rephrase this last result for a general 
Krull domain with torsion class group: 
A S-sequence n, ,..., n, can naturally be extended to a d-sequence by setting 
ni = an, + nc , where i = us + 5, (T >, 0, s >> 5 > 0. 
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THEOREM 16. Let A be a Krull domain with torsion class group. Let 
n, ,..., n, = t be a a-sequence with s and t relatively prime. Let p be an height one 
prime ideal in A of order r in C(A). Then B = A[ P(~~)x,..., p(nsr)xrS] is a Krull 
domain with torsion class group, and D = A[x] n W, where W is a suitable 
discrete valuation ring for D. 
Proof. Let W be the discrete valuation ring constructed over the discrete 
valuation ring A, as in Proposition 15, part 1. Set D = A[x] n W and let 
S = A -p, then D, = Ap[pnlx,...,pT~&], where p generates PA, as an 
Ap-module, and C(D,) is a cyclic group of order s by Proposition 15. 
A[f(“l’X,..., p(nsr)xrs] C A[x] n W, and since p(r) is a principal ideal it follows 
that D = A[ p(‘ll)x,...,p(nsT)xg~] = A[x] n W. 
Let _P be a height one prime in D such that p EJ’. If x E D, then pcni)xi E_P 
for all i. As (p(‘Qx,...,p (nsr)xsr) generates a proper prime ideal ;n -P, this contra- 
dicts height _P being one. Ifs $ D, then, D, = W. Thus Dp is a divisorial ideal 
with p as its unique associated prime, whence D, = Pet) for some t > 0. 
Since D[l,Ip] = A[x][l/p], since C(D) + C(D[l/p]) is an epimorphism, and 
since pu) = Dp, we may concoude that C(D) is a torsion group. 
Remark 1. In case ,4 is a Dedekind domain, one easily verifies that 
D = A[p(?‘l’x,...,p fns)xS], as pen) = _pn for each n > 0. 
7 I. In case p is a principal ideal in A, then D = A[p(nl)x,...,p(ns)xs] and 
C(D) is an extension of C(A) by a cyclic group of orders. 
3. Ifp has order r in C(A), and z(p) = s, where z’ is the valuation corre- 
sponding to W, then the order of P is YS. This is a consequence of the fact 
that the embedding of C(A) into C(D) induced by Q ---f qD is such that qD is 
a prime ideal if q #= p and@ = _Pts). 
D. IVain Theorem and its Converse 
Before proceeding to the general case it is useful to summarize the results 
so far obtained: 
Let A and B be Krull domains. LetIi = {a 1 axi E B, a E A} and let K = k(x). 
In case C(B) is a torsion group we have: C(‘4) is a torsion group (Lemma 5), 
Ii =p, (SlZ) r\ ... npgnd, where sij > 0 for all i, j, where p, ,,.., p, are height one 
prime ideals in A, and B = A[x] n W, n . ..nW. with n<m, where 
W 1 >..., W, are discrete valuation rings for B (Proposition 9). For each 
j, 1 <j < n, Dj = A[x] n Wj is a Krull domain with torsion class group 
(Corollary 6), and Wj n k = A, , where p = pi for some i, 1 < i < m. 
Furthermore, Di = A[ JJ(~~)x~ ,..., p (nar)~sr], where r is the order of p in C(A), 
and n, ,..., n,, = n,r is a d-sequence of length s, such that s and n, are relatively 
prime (Lemma 12 and the remarks preceeding it). 
In case C(A) is a torsion group we have: 
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Given an height one prime p whose order in C(A) is Y, and nt ,..., n, 
a a-sequence with n, and s relatively prime, then D = A[p(nl)x,...,p(nnr)x”‘] 
is a Krull domain with torsion class group and D = A[x] n W, where W is a 
discrete valuation ring for B and W n k = A, . 
A final important remark is that ifp = pj then the ni’s are precisely the sji’s. 
This is so, because ni’s are determined by the order ofp in C(A) and the ring 
D, , where S = A - p (Theorem 16) and the observation that D, = B, . 
On the other hand, the-integers sii are unchanged when passing from B to B, . 
We proceed now to prove that m = n, and to get the general theorem and its 
converse. 
Letjbeanyinteger, 1 <j<m.Setp=p,.ThenB,,S=A-p,isa 
Krull domain with torsion class group, whenever B is such. Consequently, 
if n, = sji , then there exists a discrete valuation ring Wj for B,-whence for B- 
with A[x] n Wj = A[p(‘~)x,...,p (nrJ~rs], where Y is the order ofp. In particular: 
PROPOSITION 17. If C(B) is a torsion group, then m = n. 
Furthermore, for each j, Di = A[x] n Wi = A[pjnl)x,...,pjn,a)x’“] and Dj 
is the A-module generated by 1, #1)x ,..., #Q)x~ ,..., i = 1, 2, 3 ,... and for 
i > s, ni is already determined by n, ,..., n, . In particular, we can write 
Dj = A[pj”l’x,...,pj (“t)zct] as long as t > YS. Thus, if we pick t large enough we 
have: 
THEOREM 18. B = A[x] n WI n ... n W, = AII,x,...,I~xt]. 
Proof. 
A[x] n WI n ... n W,, = (A[x] n W,) n ... n (A[x] n W,) 
= A[ pF)x ,..., p$t)d] n es- n A[p$)x ,..., pkmt)xt] 
= A[(p$’ n . . . npkml))x ,.-., (p$t) n . . . npkmt)) $1 
= AIIlx,..., I#]. 
If for j we denote by yj the order of pi in C(A) and by si the corresponding 
integer s, then t can be picked not greater than the maximum value of rjsi . 
The smallest possible value of t may be less than that maximum, for instance, 
in case A is a Dedekind domain. 
For the rest, we denote by _pi the unique height one prime in B for which 
-Pi n A = pi for i = l,..., m. 
By [5], there is a natural embedding of C(A) in C(B). Under our hypothesis, 
this embedding is the natural extension to C(A) of the mapping p ---f 9. 
Notice that if p #pi, then pB is a prime ideal in B, while if p = pi then 
pB =-p:SJ. 
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Let pj’l) = Ap, , for i = l,..., m, and let p = nEl pi . Then C(A)[ I/$]) is 
isomorphic to C(B[l/$]), b ecause @l/p] = A[l/p][x]. Also, A[l/p] is a locali- 
zation of A, while B[l/p] is a localization of B. 
Both pi and _pi belong to the kernels of the corresponding epimorphisms 
C’(A) - WWJI) and WI - W[l/~l). 
There results the following commutative diagram with exact rows: 
O-tH+C(A)+C A $ -to 
t [ 11 
w 
1 
$ 
i 
O-+a+C(B)+C B 
t 
where H is generated in C(A) by the height one prime ideals 9 in A for which 
p E 9, and i?i is generated in C(B) by the height one prime ideals Q in B for which 
p E &. Consequently, H is generated by p, ,..., p, and w by pi ,..., _P, . Since 
$ is an isomorphism and p a monomorphism, coker v is isomorphic to coker 0, 
where 0 = p lH . Notice that Im v contains _P’i). 
Coker 6’ is generated by the images of J’r ,. .., _P, , and in coker 0 these images 
have orders s1 ,..., s, . 
Let _p!l) f7 ... n Pm) zz B, where I is a divisorial ideal in H. We claim 
that ni are divisible Iy si for i = l,..., n. To this extent, we may assume 
P(“I) n . . . n PWn) z 
-1 
B , as B is of the form prltl) I? ... n fgntmJ. Whence 
pp)n -,m *.. n Pz ) = Bu for some a E k. Consequently Ba = B(Aa) and ni 
is divisible by si as stated. 
Therefore, coker 0 is generated by the images of ?I ,..., _P, and if Hi is the 
subgroup generated by -Pi in coker 8, then Hi has order si , and cokcr 8 is the 
direct sum of these Hi . 
Observe that in case H = 0, B is a direct sum of cyclic groups of orders 
s1,-, sm. Since -Pl ,..., ,P, are elements of C(B) of orders sr,..., s, , respectively, 
and since in C(B) the group they generate is the direct sum of the groups 
generated by each_P, , it follows that in this case the embedding q: C(A) -+ C(B) 
splits. 
In a similar way, if for each i, 1 < 1 < m, either yi = 1 or else si = 1, then 
the embedding pl: (C(A) ---f C(B) splits. These are the only cases in which a 
splitting of 9] occurs. 
We have established our main theorem: 
THEOREM 19. Let B be a Km11 domain with torsion class group. Let 
Ii = {a 1 axi E B, a E A), kB = k(x). Then 
(a) A is a Krull domain with torsion class group. 
(b) I, is a decreasing sequence of divisorial ideals in A. 
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(c) Ii = njm_lpw 
(d) The set sji for each j is a A-sequence. Let si be its length. 
(e) If yj is the order of pj in C(A) and if t = max{risi 1 i = I,..., m} then 
B = A[I,x,..., &xi] = A[x] n WI n . . n w,, ) where each Wi is a discrete 
valuation ring for B, A[x] $ Wi , and Api = Wi n k. 
(f) C(B) is an extension of C(A) by the direct sum @yL, Z/Z?, . 
We have also the following inverse theorem: 
THEOREM 20. Let A be a Krull domain with torsion class gvoup. Let p1 ,..., p, 
be a $nite set of height one prime ideals in A, and let sii be an in$nite A-sequence of 
length si for j = I,..., m. Let rl ,..., rm be the order of p, , . . . . p,,, in C(A), respec- 
tively. Let t = max[risi / i = l,..., m]. Let Ii == n~lp’~Y~i). Then B = 
AII1x,..., I,xt] is a Krull domain with torsion class group, kB = k[x], and 
{a 1 axi E B, a E A} = Ii . 
Finally, notice that the height one primes p in B are either _P = pi for some 
i, 1 < i < m, or else p = @n B, where &J is some height one prime ideal 
in A[x]. Furthermore, each height one prime ideal & in A[x], for which 
JJ n A #pi for i = l,..., m, induces a height one prime ideal in B, namely, 
NnB=(NnA)B. 
E. Torsion Pairs of Krull-Domains 
We end this section with some remarks concerning the setting: A, B are 
Krull domains and under the natural embedding of C(A) into C(B), the factor 
group is a torsion group. 
We say that (A, B) is a torsion pair of Krull domains if A and B are Krull 
domains and the factor group C(B)/C(A) is a torsion group. 
Let (A, B) be a torsion pair of Krull domains. Let p be any height one prime 
ideal in A, and let S = A - p. Then A, C B, C A,ix], where A, is a discrete 
valuation ring. Unless Bs = A,[x], there exists a height one prime -P in B 
such that B,C BF, and AJx] q B,. Necessarily, for such a _P we have 
f’ n A = p. If however, Bs = A[x], then P = pA[x] n B is a height one 
prime ideal in B, and p n A = p. We furthermore have the following natural 
commutative diagram 
0 0 
1 1 
C(B)- C(Bs)-0 
-q-SUBALGEBRAS OF I&X] 301 
whence, C(B,) is isomorphic to a factor group of C(B)/C(A), and therefore 
C(B,) is a torsion group. In view of the general theory developed for the torsion 
group case and A, a discrete valuation ring, we may conclude that in particular 
we have: 
LEMMA 2 I. Let (A, B) be a torsion pair of Krull domains, then for each height 
one prime ideal p in A there exists one and only one height one prime ideal P in B 
for which P n A = p. 
The torsion condition has also the following consequence: Let &’ be any 
height one prime ideal in B, then for some integer n, a divisorial A ideal I 
exists for which j’tn) = z (in C(B)). That is J”“)g(x) = Bfh(x), g(x) = 
go + ... - g,&x”, h(x) = ho + ... + h,xt,g(x), h(x) E B C A[x]. Since Bin A # 0 
and J’(“) n A # 0, we must have m = t if we assume g, # 0 and h, # 0. 
If we read off from J’cn)g(x) = ah(x) the equality induced on all polynomials 
of degree t (= m), this implies (pen) n A) g(x) = (%? n A) h(x), and in parti- 
cular, (Pen) n A) g, = (B n A) h, = Ih, , that is, J’(e) n A is a divisorial ideal 
in A. Ifp = _P n A, thenp” Cp cn) n A. Thus p is a height one prime ideal in 
,4. We have therefore the following: 
PROPOSITION 22. Let (A, B) be a torsion pair of Krull domains. Then there 
exists a one-to-one correspondence between height one prime ideals p of A, and height - 
one prime ideals p of B for which _P n A f 0. For each such $, pB = _Pfs) for 
a suitable integer s, and C(B,) is a torsion group, where S = A - p. 
Let (-4, B) be a torsion pair of Krull domains, and let kB = A[%]. Denote 
Ii = (a / axi E B, a E A} for each i. Let p be any height one prime ideal in A, 
and S = -4 -p. Then C(B,) is a torsion group, as we have argued prior to 
Lemma 21. Consequently, (B&)? = (_pg_P)“i, where &’ is a height one prime 
ideal in B such that &‘n A = p and n, ,..., ni ,... is a d-sequence of length s 
for some s. In particular, BIi CPtnJ f or each i. Consequently, for all but a 
finite number of height one primes in B, say, B 1 ,..., -P?,, , B, = A[x]p when- 
ever J’ + Pi , and -Pi n A = pi f 0. Set Si = A -pi for i = I,..., m. The 
general theory applies to Bsi for i = l,..., m, B, = Ap.[x] n Bpi . Pasting 
everything together we get B = A[x] n B_,, 6 ‘.. n ‘BP , hence Ii = 
Pl 
(%i) f-j . . . npgmi) and for each j, sir ,..., sji ,... is a A-sequ&e of length sj 
for suitable sj’s. In particular, 1i is a divisorial ideal for each i. 
We have therefore established: 
THEOREM 23. Let (A, B) be a torsion pair of Krull domains, let B # A, 
and B # A[x], and let kB = k[x]. Set Ii = {a ; axi E B, a E .4}. Then the 
following hold: 
(i) For each height one prime ideal p in A there exists one and only height 
one prime ideal -P in B such that -P n ,4 = p. 
481/56/z-z 
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(ii) Ii is a divisorial ideal in A for each i, such that Ii = pylf) TI . . n ~~20, 
where sij are positive integers and p, ,... , p, are height one prime ideals in A. 
(iii) For each j, sjl .‘. sji ... is a A-sequence of length sj for suitable sj’s, 
and B = A[I,x ,..., Itxt ,... 1. 
(iv) C(B)/C(A) is an epimorphic image of the finite group @:l, Z/Q. 
As for the converse of this theorem: 
Let Ii = pr @I$) n . n pb& ) for each i, wherep, are height one prime ideals 
in the Krull domain A. We assume that for each j the set sir ,..., sji ,... is a 
A-sequence of length sj for suitable integers sj , and let B = AII1x,..., I$,...]. 
LEMMA 24. With the above notations, for each height one prime p in .-I there 
exists one and only one height one prime P in B such that P n A = py 
Proof. Let p be any height one prime ideal in A, then A, is a discrete 
valuation ring,- and if A - JJ = S, then A, C B, C AJx]. Whence we are 
reduced to the case where A is a discrete valuation ring. Therefore B, is a 
Krull domain with torsion class group. If B, = A,[x], then x E B, , whence 
PSI,. But forp$I,, J’=pB is a prime ideal, necessarily of height one as 
BP = API,,~,, is a discrete valuation ring, and P n A = p, and obviously 
_P is unique. If p 3 I, , say p = p, , then B, f A&x], whence a discrete valu- 
ation ring W exists for B, , such that x $ W. This W induces a prime p, n A f 0, 
and necessarily pi r\ A = pr . Finally, as for each height one prime J’ in B 
for which J’n A = p we have an extension of J’ to Bs , it follows that p 
uniquely determines p, and yts) = 5 for some integer s (depending on p). - 
LEMMA 25. The ring B is a Krull domain. 
Proof. In fact B = Bsl n ... n Bsn n A[x], where Si = A -pi and each 
B,? is a Krull domain. 
Observe that if W, ,..., W, are the discrete valuation rings B, _, ,a.., Br,, 
thenB=A[x]nW,n...nW,,. 
As B is a Krull domain, the two lemmas may be put together to yield: 
THEOREM 26. Let B = A[I,x ,..., I& ,... 1, where Ii = pyli) n . . n pitmb) for 
each i, where pi are height one prime ideals in the Krull domain A. If for each j, 
the set sjl ,..., sii ,... is a A-sequence of length sj . Then B is a Krull domain, and 
C(B)/C(A) is a finite group G. 
Proof. If p #pi f or i = I,..., m then pB is a height one prime in B. If 
p = pi for some i, 1 ,<, i < m, then pq = Pi’i) for suitable integers si . The 
kernel of the epimorphism C(B) -+ C(hB) = 0 is generated by the height one 
prime ideals _P in B for which p n A # 0. The result now easily follows as 
stated. 
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3. DEDEKIND DOMAINS 
Our next goal is to investigate those cases where either A or B are Dedekind 
domains. We keep the notation Ii = (u / ax E B, a E A}. 
More results, mainly those concerned with PID’s, may be derived from the 
next section. 
First, the case where B is a Dedekind domain: 
THEOREM 27. Let B be a Dedekind domain such that A C B C A[x, ‘.. x, ,..I. 
If B # A then A is a field and B = A[f] for a suitable elementfin ,4[x, ... x,]. 
Proof. Let b be an element in B that is not in A. Suppose x, ,..., x, virtually 
appear in b (that is with nonzero coefficient), and these are the only variables 
that virtually appear.l If (xi) n B = 0, then B m B/(x,) n B, and we may assume 
thus A C B C A[x, ,..., x, ,... 1, and only x2 ,..., x, virtually appear in 6. We 
proceed this way with (x2) n B if (x2) n B = 0. If we do not reach (xi) n B # 0 
for i < n then we achieve the setting A C B C A[x, ,...I and only x, virtually 
appears in 6. Wow, (xn) n B 3 b - b(0) f 0. Thus we may assume that for 
some xi , say xi = xr , (xi) n B # 0. But (xi) n B is a prime ideal in B, thus 
maximal. Consequently D = B/(x,) n B is a field, but A C D C A[x, ,..., x, ,..] 
forces iz to be a field. Also, as we have either (xi) n B = 0 or else 
B/(x,) n B = A, it follows that if for some b in B, b $ A, and xi *.. xn are the sole 
variables that virtually appear in 6, then d C B C A[xl ... x,1.% The rest now 
follows by [15]. 
In case A is a Dedekind domain, A C B C A[%], and B a Krull domain such 
that kB = k[x], then for each height one prime ideal p in B, _P n 9 is either 0 
or else it is a height one prime ideal in A, since all nonzero prime ideals in A 
have height one. 
THEOREM 28. Let A be a Dedekind domain, A C B C A[x], and let B be 
a Krull domain. If for each nonzero prime ideal p of A there exists at most one 
prime ideal P of height one in B such that P n A = p, then C(A) naturally embeds 
in C(B), the factor group C(B)/C(A) is a torsion group, and for each nonzero 
prime ideal p in A there exists precisely one height one prime ideal P in B such 
that P n A = p. 
Proof. We may assume that kB = k[x]. For every prime ideal p in -4, we 
consider the discrete valuation ring A, . As A is a Dedekind domain 1, is 
necessarily a divisorial ideal, and we may assume that I1 is a proper ideal (or 
else B = A or B = A[x]). Ifp $1, , thenpA[x] n B is a height one prime in B 
1 Let (xi) denote the ideal generated by x, in A[x, ,..,, x, ,...I. 
2 Note that B n A[x, ,..., x,] 4 B/p, wherep = (x%+~ ,...) n B. Whence B n A[.v, ,..., x,] 
equals A or B. By [15], if B CT A[x, ,..., x,] = B then B = A[f]. Consequently, if 
-4 # B n A[wl ,..., x,], then B = A[f] C A[x, ,..., x,,]. 
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lying over p. If p 3 I, consider A p C B, C A,[x], where S = A - p. Of course, 
B, has at most one height one prime Q for which & n 4, f 0: This prime 
obviously is an extension of an height one ideal _P in B for which -P n A = p. 
But if B, # 4,[x], there must exist such a &, namely, a height one prime in 
B, for which x g Q. Since p 3 I, , we cannot have B, = i2,[x], for then $1’ = his 
with b E B, s E ST Therefore 1) =m: sx E B and s $p which is a contradiction 
since s E I, Cp. Therefore, for any nonzero prime-ideal p in 4, there exists a 
prime ideal of height one p in B for which J’ n A ==$. By the uniqueness 
hypothesis it now follows that $ = PCs) for a suitable integer s. 
Let I be any A-divisorial ideal in k, then ?B is a B-divisorial ideal in K. 
Furthermore, if a +-: B, then necessarily m = Ba for some a in R, and I = Aa 
(see also [5]). 
Consequently, the map I + a defines a monomorphism of C(A) into C(B), 
and C(B)/C(-4) is a torsion group, as this factor group is generated by the images 
of the height one prime ideals P in B for which P n ,4 f 0. This is so because. 
these ideals generate the kernel of the epimorphism C(B) -+ C(k[x]) = 0. 
This completes the proof of the theorem. 
A particular consequence is: 
COROLLARY 29. Let A be a Dedekind domain with torsion class group. Let B 
be a IGull domain such that A C B C A[x]. Then C(B) is a torsion group ax for 
each nonzero height one prime p in iz there exists at most one height one prime 
ideal f in B such that j’ r\ B = p. 
Under each of these equivalent conditions, for each nonzero prime ideal p 
in ;4 there exists precisely one height one prime ideal j’ in B such that 
_PnA=p. 
We see later on that: 
(i) If A is not a Dedekind domain Theorem 28 may fail to hold 
(Example 3). 
(ii) Replacing the condition in Theorem 28 by B = A[x] n W is not 
enough, even when A is a PID (Example 1). 
4. UFDs 
It is our next purpose to study the cases where either A or B are UFD’s 
[compare [ 10, Corollary 3.11. Some attention will be given to the hypothesis 
B = A[x] n K. We also investigate the setting A C B C A[x, ... x;..] under 
some additional hypothesis, like tr deg K/k = 1, or Krull-dim B = Krull- 
dim A T 1 < 03. We always have A = B n k, and we assume B # A. 
In case B is a UFD, it follows from the general theory as developed in Section 2 
that A is a UFD and with the notations of Section 2, si = 0 for i = l,..., m. 
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Consequently, B = A[f] f or a suitable element f in A[x]. That the element f 
can be chosen from A[x] is a consequence of: 
LEMMA 30. Whenever A is a UFD and B is integrally closed, there exists 
an element f in A[x], such that B C -4[f], and K = h(f). 
Proof. All that is needed is to pickfin A[x] primitive (that is, f = a, + ..* + 
a,xn and (a, ,..., a,) = A) such thatf(0) = Oand k[f] = KB. 
PROPOSITION 31. Let B be a UFD, A C B C A[x]. Then A is a UFD, and 
for some element f in A[x], B = A[f]. 
Note that this can also be proved directly, by induction on the degree of the 
elements of B, where we pick forfa primitive element in A[x] for whichf(0) = 0 
and KB = k[.f]. In factfis a prime element in B that generates xA[x] n B. 
We proceed to achieve various possible generalizations: 
LEMMA 32. Let A and B be domains, let A C B C A[x, ..’ x, a*.], and let 
Krull-dim B < Krull-dim A f 1 < co. Then a ring B* exists such that B is 
isomorphic to B* and such that A C B* C A[x]. 
Proof. Let (x1) denote the ideal generated in A[x, ... x, ...I by x1 . The 
prime ideal (x1) n B in B, if different from zero implies that all elements of B 
with zero constant terms are divisible by x, . Therefore, for all but finitely 
many xi’s, (xi) n B = 0. Consequently, without loss of generality wa may 
assume that B C A[x, ... x,]. 
If A is a field, B is a Dedekind domain and we are done by [15]. If A is not 
a field, it follows that in particular A is not a finite domain. 
Suppose n > 1, and suppose n is the minimal possible. Then there exists 
an element b in B in which x1 virtually appear. Let b, be the coefficient of the 
highest degree of x1 in b. For some element a in A, (xn - a) is not a divisor 
of b, . We claim that (xn - a) n B = 0 because: A is naturally embedded in 
B/(X78 - a) n B. Furthermore, A C B/(xn - a) n B C A[x, , x2 ,..., x,-J, and 
A is an epimorphic image of B/(xn - a) n B (by the ideal induced by 
(x1 ,..., X,-l ) on B/(xn - a) n B). But Krull-dim B < Krull-dim A + 1 < 00, 
whence B/(x, - u) n B = A, but obviously the image of b in B/(xn - a) n B 
is not an element of A as x1 virtually appears in the image. Thus (x~ - a) n 
B = 0. It follows that A C B C A[x, ,..., x,-J which is a contradiction to the 
minimality of n, when assumed n > 1. Therefore, the minimal possible n, 
is n = 1 and the Lemma follows as stated. 
A first generalization of Proposition 31 is: 
THEOREM 33. Let B be a UFD, A C B C A[x, *.. x, . ..I. Let Krull-dim B < 
Krull-dim A + 1 < CO. Then A is a UFD, and B = A[ f] for a suitable element 
fin A[x, ... x, . ..I. 
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Proof. By Lemma 32 we may reduce to the case n = 1, whence the result 
follows from Proposition 31. 
Another type of generalization is: 
THEOREM 34. Let B be a 7,‘FD, =I C B C -4[x, ... x,~ .+.I and let 
tr . deg K/k = I. Then A is a LTFD and for a suitable f in il[x, ‘. x, . ..I. 
B = A[f]. 
Proof. As tr . deg K/k = 1, if 6, and b, are elements in B that are not in -4, 
then the set of xi’s that virtually appears in both is the same set. In particular, 
for some n, rZ C B C A[x, ... x,]. Set (x) = (x1 ,..., x,) in A[x, ,..., x,]. 
Since B is a UFD, then A is a UFD. Letf be an element in B, f $ A, f (0) = 0, 
that is f having zero for its constant term, ad k[ f] = kB. We may further pick 
f such that it has no factors in A. Once such an f is picked, this f has to be a 
prime element of B. Letg be any element in B, g 4 A. Then, as tr . deg K{R = 1 
there results a relation C aij f “gj = 0 with a,, = 0 if g(0) = 0. In this later 
event, it follows that p(g) EfB, where P(Z) E A[z] and p(O) = 0. Thus p(g) = 
g pr(g). Unless g E fB, we have p,(g) 6 fB. Since g, f E (x) n B it follows that 
p,(O) is an element in (x) n B, whence it has to be zero. We may proceed now 
by induction on the degree of p(z) to conclude that we must necessarily have 
g E fB. Since this holds for every g E B, g g A, we have the following: g - g(0) == 
fg,, g,EB.Ifgl$A: g,-gg,(0) =fg,, etc.Since BCi2[x,~~~x,J, we may 
consider the lexicographic order induced on B, and use it to obtain by induction 
that after a finite number of steps we reach 
gn - gn(O) = fgn+l 7 gn+I E A. 
We therefore have 
g = g(O) + fg,(O) + *** + fng,(O) + f”+‘gn+l E A[f I. 
Whence B C A[ f]. Since A[ f] C B, this proves the theorem as stated. 
Observe that as B = A[ f], it follows that every element g in B whose order 
equals the order off, and for which g - g(0) has no nontrivial factors in iz 
(when factored in B), (this forces g -g(O) to be a prime element in B) is a 
generator for B over A. 
Recall that under the hypothesis A C B C A[x] we have A = B n k and the 
following hold: 
If B is integrally closed then A is integrally closed. 
If B is a Krull domain then A is a Krull domain. 
If C(B) is a torsion group, then C(A) is a torsion group [5]. 
We are going next to investigate the case B = K n A[z]. Under this assump- 
tion, the following hold: 
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If A is integrally closed then B is integrally closed. 
If A is a Krull domain then B is a Krull domain. 
If ,4 is a UFD then B is a UFD. 
In fact, a more general result holds as is stated in Lemma 35 to follow, 
namely, C(B) is isomorphic to C(A). 
Also observe that B is Artinian only if B = A, and that if B is Noetherian, 
so is A, in case A C B C A[x]. Furthermore, if B is a Noetherian Krull domain 
of torsion class group then it is a finitely generated A-algebra. We see later on 
examples of finitely generated A-algebra which are Krull domains but do not 
have torsion class group (Examples l-4). 
LEMMA 35. Let A and B be Krull domains such that B = K n A[x]. Then 
C(A) is naturally isomorphic to C(B). 
Proof. Let J’ be an height one prime in B, and let p = p n A # 0. Since 
pA[x] n B C J’, and pA[x] n B is a nonzero prime ideal in B, we have pA[x] n 
B = _P, and in particular p is an height one prime ideal in A. Furthermore, as 
p E A, if pa(x) is an element in B, where p EP, and a(x) E A[x], then a(x) E K, 
thus a(x) E B. Therefore,pA[x] n B =pB = j’. 
On the other hand, ifp is any height one prime in A, B, = K n A,[x], where 
S = d - p implies that a prime ideal p of height one exists in B such that 
f n A = p, or else B, = A,[x]. This last equality implies that x E B, and 
A[x] = B, whence C(A) = C(B) as stated. 
Therefore, there is a one-to-one correspondence between height one prime 
ideals p of A and height one prime ideals _P in B for which B n A # 0. The 
correspondence is given by p -+ pB and _P - _P n A. 
Let G be the subgroup generated in C(B) by the height one primes p for which 
_P n A # 0. Since G is the kernel of the epimorphism C(B) -+ C(K) = 0, 
it results that G = C(B). 
The one-to-one correspondence just established is between sets of generators 
for C(A) and G. 
For each divisorial A-ideal 1 let q(l) = IB, and for each divisorial B-ideal 
J in G let I/(J) = J n k. 
As we have seen, for I(J) p rime ideals, v(I)($(J)) are prime ideals. We claim 
that g, and 4 are homomorphisms from C(A) -+ G and G -+ C(A), respectively, 
and that they are inverses of each other. 
As for v: v is well defined and multiplicative, thus all we have to verify is 
that the image of p is in G. Let I = pin11 n ... npp), then IB is the divisorial 
ideal IB = PI”11 n ... n Pins), where _pi = piB. 
As for $: Let J = _P:“l;n ... n fLmr), wherepi = _pi n A # 0 for i = I,..., Y. 
Then 4(J) = piml’ n ... n#+), whence #(J) E C(A). Obviously # is multi- 
plicative and if J = B, then necessarily J = Ba for some element a in k. Thus 
(cr(/) = .4a, whence 1c, is well defined. 
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That p and I) are inverses of each other is clear from the above reasoning. 
This completes the proof of the Lemma. 
A consequence of this Lemma and the general theory as developed in Section 2 
is: 
THEOREM 36. Let A be a Krull domain with torsion class group, and let 
B = A[x] n K. Then for some divisorial ideal I in A and some element f in A[x], 
B = A[If, I’2’f2 ,..‘> l(“lf7], where Y is the order of I in C(A). 
Proof. The only item to be checked is that f can actually be chosen in A[x]. 
But this follows from the possibility of choosing f in A[x] for which KB = h[ f] 
and f(0) = 0. Th en for some nonzero elements a, b in A, af = bg, whence 
Ji = {a 1 af i E B, a E k) is a divisorial A-ideal that equals in C(A) to the divi- 
sorial ideal Ii = (a 1 agi E B, a E A} as introduced in Section 2. In fact, bi Ji = 
aiI, because u E Ji , that is, uf i E B, iff ua&bi ~1~ , that is, (ua+bi) gi E B, and 
for each i we also have Ii = {a 1 agi E B, a E h). 
If C(A) is not a torsion group, we have: 
THEOREM 31. Let A be a Krull domain and B = A[x] n K. Then for some 
divisorial ideal I in A, and some element f in A[x], B = A[If, I’21f2,...]. 
All we need observe is that in this case (A, B) form a torsion pair of Krull 
domains. 
Comparing these results with those of Nagata [13] for the case that A and B 
are integrally closed domains, we have the extra result of I being divisorial. 
We proceed to obtain some generalizations of this result to the case where 
ACBCA[x, “‘x, . ..I. 
LEMMA 38. Let A and B be Krull domainssuch that B = K n A[x, ... x, . ..I. 
Then C(A) = C(B). 
Proof. The epimorphism C(B) -+ C(K) = 0 implies that C(B) is generated 
by those height one prime ideals J’ in B for which J’ n A # 0. 
As in the proof of Lemma 29, for any height one prime ideal p in A, 
pA[x, +.. x, ...I n B = pB is an height one prime ideal in B. Therefore, 
_P - _P n A and p +pB are well-defined maps between height one prime 
ideals in A and B. 
The rest also follows as in Lemma 35. 
In particular, under the hypothesis of Lemma 37, if A is a UFD, so is B, 
as can be verified directly from the hypothesis and the fact that A[+ *.. x, ...I 
is a UFD. 
Some consequences can be derived: 
PROPOSITION 39. Let A and B be Krull domains, let A C B C A[x, ... x, .a.], 
let B = A[x, -.a 3c, -.* ] n K, and let Krull-dim B = Krull-dim A + 1 <m3. 
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Then B = A[If,...,Plf’ . ..I. f or some suitable divisorial ideal I in A and a 
suitable element f in A[x, ... x, . ..I. If the order of I in C(A) is r, then 
B = A[If,..., I@)f+-]. 
Proof. Apply Lemma 32, Lemma 38, and Theorems 37 and 36. 
In particular, in case A is a UFD this implies: 
PROPOSITION 40. Under the hypothesis of Proposition 32, if A is a UFD, 
then B = A[ f] for a suitable element f in A[x, ... x, .*.I. 
Another case that we are able to study, is the case tr . deg K/ii = 1: 
PROPOSITION 41. Let A and B be Krull domains, let A C B C A[xl .*. x, ..*I, 
let tr . deg K/k = 1, let B = K I-J A[x, *.. x, *..I, and let A be a UFD. Then 
B = A[ f] for a suitable element f in A[x, ... x, .*.I. 
Proof. By Lemma 38, B is a UFD, thus the proposition follows by 
Theorem 34. 
5. EXAMPLES 
The following examples shed some light on the results achieved and the extend 
to which they might be generalized. 
EXAMPLE 1. Let 2 denote the ring of integers, and let B = 2[2x, 2x2 + x]. 
The ring B is the image of Z[u, VI--the ring of polynomials in two variables 
over Z-with kernel (9 + u - 2v) Z[u, v]. The epimorphism is given by 
u -+ 2x, v -+ 2x2 + x. The ideal (u2 + u - 2v) is not in the square of any 
maximal ideal in Z[u, v]. In fact, if m is a maximal ideal in Z[u, v] that contains 
(u2 + u - 2v), then either 5 = (2, u + E, g(v)) f or a suitable irreducible poly- 
nomialg(v), and where E = 0 or E = 1, or else, (m, f (u), uz + u - 2~) generates 
m in Z[u, v], where f(u) is a suitable irreducible polynomial. Therefore, B 
is a regular ring, and B is a Noetherian ring. In particular, B is a Krull domain. 
Let W be any discrete valuation ring for B, for which x $ W. Then (2,2x + 1) 
are in the maximal ideal & of W, and 2x # @. The ideal p = (2,2x + 1) 
in B is a prime ideal, as BI_P g 2/2Z[x2 + x]. 
The following are properties of B: 
(i) B = Z[x] n W. 
(ii) Over the prime ideal (2) in 2, there lie (2,2x) and (2,2x + 1) in B. 
(iii) 1, = {CZ 1uxn E B, a E Z} = (2”). 
(iv) B # Z[l,x, 12x2 ,..., I,xn ,... 1. 
(v) C(B) w 2. 
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For (iii), one observes that in IV, 2x is invertible from where this result follows. 
For (v) consider the epimorphism C(B) -+ C(B[$]). Then its kernel is 
generated by the height one prime ideals _P in B for which 2 E_P. Whence 
_P = pr = (2,2x), or else _P = -P:, = (2,2x + 1). Since -P is an element of 
nonfinite order in C(B), and as -PI n -Pz = 2B, it follows that -PI generates a 
subgroup in C(B) isomorphic to Z. Finally, B[&] == Z[x; 41, whence C(B[i]) == 0 
and the result follows as stated. 
A slight modification of this example leads to another example of some interest: 
EXAMPLE 2. Let 2 be the ring of integers and let V = 2[4x, 8x” + 2x1. 
The mapping x + 2x induces an isomorphism onto B from the ring 
Z[2x, 2x2 + x]. This last ring was studied in Example 1. One difference that 
we wish to point out refer to property (i) as stated in Example I : 
(i) B = Z[X] n WI n W, , Wi for i = 1, 2, are distinct discrete valuation 
rings for B. 
To this extent observe that for a discrete valuation ring W for B for which 
x $ W, 2 E @, where JJ is the maximal ideal of W. Also, either 4x E JJ or else 
4x + 1 E M. As both J’r = (2,4x) and _pZ = (2,4x + I) are prime ideals in 
B (over (2) in Z), the either W = BP, or else W = BP, as stated. 
In the next examples we are mainly concerned with the ideals 1, = {a [ UXQ E B, 
more specifically, examples where the I,, are not divisorial ideals. 
EXAMPLE 3 (see also [8, p. 641). Let D = ~[xz, yz, l/z] and let E = 
K[x, y, a], then D and E are UFD’s. In particular, B = D n E is a Krull domain. 
It is a straightforward observation that B = k[x, y; xz, yz]. If we set A = k[x, y], 
then A C B C A[z], and K = K(x, y, z). Since every discrete valuation ring W 
for B for which z $ W implies x, y are noninvertible elements of W, it follows 
that W is Bcz,~) . The ideal generated by (x, y) in B is a height one prime ideal 
as may easily be verified. Therefore, it now follows that: 
(i) B = il[z] n W, where W is a discrete valuation ring for B. 
(ii) W n K(x, y) is not a discrete valuation ring for A. 
(iii) The height one prime ideal (x, y) in B intersects A in a height two 
prime ideal. 
(iv) Over each height one prime ideal p in A of height one there exists 
precisely one prime ideal 4 in B of height one such that _P n A = p. 
(v) I1 = (a j a.z E B, a E A} is not a divisorial ideal in A. 
(vi) The prime element x of A is not prime in B, xB = (x, y) n (x, xx). 
In particular, the embedding1 --f E of divisorial,4-ideals into divisorial B-ideals 
does not send prime divisors into primary ones. 
13-SUBALGEBRAS OF r![X] 311 
(vii) The pair (A, B) is not a torsion pair. The ideal (x, y) in B has infinite 
order, and one verifies that it generates C(B): the epimorphism C(B) --f 
C(B[l/(xy)]) has for its kernels the subgroup generated in C(B) by the height one 
primes _P in B for which xy E p. Hence, either p = J’i = (x, y) or else j’ = _pZ = 
(x, XX) or else J’ = _pR = ( y, yz). C(B[l/(xy)]) = 0 since z E B[l/(xy)], thus 
B[l/(xy)] = k[x, y, xls for a suitable multiplicative set S in K[x, y, z]. Since, 
y_P, = $a, and since pi 17 j’z = Bx, it follows that C(B) is generated by J’i , 
whence C(B) s 2. 
EXAMPLE 4. Let D = ~[xzP-~, xyz”, I/(xP)] and let E = k[ y][x, xz,..., xz”]. 
The ring E is a Krull domain with torsion class group by the general theory 
as developed in Section 2 as k[x, y] C E C K[x, y][.z]. The ring D is a UFD 
since .tY-l ) X2’2”, and l/(x.@) are algebraically independent over K. In fact, 
we have .x,J~; D since y = (xyx”)(l/(~~)) and x = (xz~-~)~ . (I/(xJP))(~-~). 
Furthermore, for i < n, xzi = (xz”-~)~-~ . (I/(xP))~-~-~. Let B = D n E, 
then B is a Krull domain and B contains x, y, xz,..., XZ+~, xyz”. We claim that 
B = F, where F = k[x, y, xz ,..., xzn-l , xyzn]. Let d E D. For d to be in E 
it is necessary and sufficient that each monomial in d belongs to E. Let 
d,, = (.~~“-l)“(~yz”)B(l/(~~~))v be a monomial that virtually appears in d. Since 
y belongs both to D and E, if j3 3 y we have d,, = (x~+l)a(xyz~)fl-~ . yy EF 
and we are done. If /I < y, do = (xz”-l)“(l/(xz”))‘-8yB. For this element to 
belong to B it suffices to have (~z+~>“(l/(xz~))y-B in E. Set y - p = 6, and 
6 = p(n - 1) i CJ with p 3 0, n - 1 > 0 3 0. Then since (n - I) 01 3 nS = 
?zp(n - 1) - nu = (n - l)[np -+ u] f (5 we have 01 >, pn if u = 0 and 
a > np - u i- 1 if CJ > 0. In case 0 = 0 we have do = (x~~-~~(l/(xz~))~ = 
(XZn-l)o-m . x!2, and in case (T # 0 we have do = (x~~-~)“-~~-~-~(x~~--l-~) . x0
from (xz+l) [(xz’+~)“(~/(xP))“] and (xz+lpn . (I/(xP)~(~-~). Whence do EF 
always, therefore, B = F as stated. If n = 1, B = k[x, y, ~yz] is a UFD. Let 
n > 1. Let W be a discrete valuation ring B with maximal ideal M such that 
z # lV. Then x ,..., XV-~ E @. 
If xz?l$ M then yz and y are elements of N, and xz” $ W. The ideal J’i 
generated in B by (x,..., x~-~,y) is an height one prime ideal. All there is 
to check is that it is prime, for the way it was obtained forces its height to be one. 
As R = k[xz?-l, xyzn] is a domain, and as the natural embedding of B/_P, onto 
R is well defined, -PI is a prime ideal [there are no relations of the form 
a = 1 Uij(lCZ1l-l)i(XyZn)j E -PI except the trivial one, as can be noticed by checking 
the difference of the degrees of a considered as a polynomial in z, and in x, 
and checking the possible difference in degrees for elements in -PI . 
If xY-l EM, the ideal pa generated in B by (x,..., a+-1) is an height one 
prime ideal. Again it suffices to verify that _pZ is a prime ideal, and this is so 
because B/f2 s k[y, xyzn]. 
Therefore, we have the following properties of B for n > 1: 
(i) B = A[.z] n W, n W, , Wi = BP, for i = 1, 2. 
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(ii) IV, n k(x, y) is not a discrete valuation ring for A. 
(iii) (iii), (iv), and (vi) of Example 3 hold. 
(iv) I, = (x),...,In-r = (Y-I) are divisorial ideals. 
(v) I, = (x2, my) = (x) n (~,y)~ is a nondivisorial ideal. 
(vi) C(B) z Z since the epimorphism C(B) + C(B[l/x]) has for its 
kernel the subgroup generated by p1 and _pZ . Furthermore, @l/x] = 
k[x, y, z; l/x], whence C(B[l/x]) = 0. S ince -Pl and f2 are the only height one 
prime ideals over x in B, Bx z--y fin,) n p$‘Q), and n1 and n2 are relatively prime: 
in fact, n, = n - I and n2 = n. Consequently, the subgroup generated by 
p1 and _pZ in C(B) . is a factor group of Z, but fi has infinite order in C(B), 
whence the conclusion as stated. 
Let W be a discrete valuation ring in k(x), denote its valuation by w. The 
examples we have just studied prove that in general C(A[x] n W) is not a finite 
group. However, if A is a discrete valuation ring, and if p generates its maximal 
ideal, then C(A[x] n W) w 2 j nZ, where n = w(p). 
Even in case of a PID A, there exists integrally closed domains B that are not 
Krull domains, as suggested by the following example: 
EXAMPLE 5. Let A be a PID and p a prime element A. The ring B = 
A[px, px2 ,...) pxn )... is an integrally closed domain that is not a Krull domain. 
Infact B=A[jiW h w ere W is the valuation ring (nondiscrete) consisting 
of all qudtients ~,(~),~,(x) of elements of B for whichp 7 a2(x) (division in A[x]). 
Every valuation ring W over B that does not contain x, necessarily contains 
p, px )...) px” ).... This W cannot be a discrete valuation ring, because (1 /x) has 
positive value that is infinitely smaller than the value ofp under the corresponding 
valuation. 
The following example is due to Zariski [16]. It points out some difficulties 
that may arise in the study of the setting A C B C A[x, y]: 
EXAMPLE 6. Let K be a field of finite characteirstic p, p # 2. Let x1 , x2 , 
be independent variables over k, and let xap + xl+l + x1”+’ + (xi2 + x22)/2 = 0. 
Then k C k[x, , x2 , xa] C k[x:/“, xi”]. Let B = k[x, , x2 , x3] and let K be its 
field of quotient. Then K is not a purely transcendental extension of k. 
If D is the integral closure of B, then D is not a ring of polynomials over k, 
and D too lies inside k[@, xi”]. Also, k[xi’“, xi/‘] n K is not a ring of poly- 
nomials over k. 
Remark 1. Let B a Krull domain, and set I1 = (a 1 ax E B, a E A}. Let W 
be a discrete valuation ring for B, B, = W, such that x $ W. Then Ii C B n A. 
In particular, the number of such height one primes is finite, f1 ,..., _P, , whence 
B = A[x] n W, n *.. n W, , where Wi = BP, for i = l,..., m, whenever 
kB = k[x]. 
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Remark 2. In case B is a Krull domain with torsion class group, and if 
pi ,..., p,,, are the height one prime ideals in ,4 (see Section 2) and _Pi n A = pi 
for i = I ,..., m, where fr ,..., -P, are height one prime ideals in B, if in C(A) 
the subgroup H generated byp, ,...,$I, is a direct summand, then the subgroup 
iii generated by f, ,... , _P, in C(B) is a direct summand, furthermore C(A) = 
G @ H, C(B) = G @ R and the embedding of C(L4) into C(B) induces on G 
the identitv. 
Remark 3. The theory as developed in Section 2 and the examples we just 
discussed suggest a way of constructing Krull domains with a given finitely 
generated group as their class group. This is of course a very special case as 
developed in [S] following results of Claborn [e.g., [3]]. 
Another possible construction is that of a Krull domain B from a Krull 
domain A, by “blowing up” any given finite set of height one prime ideals in A. 
That is the siguation in the torsion pair setting. This process may be continued 
inductively within D = A[x, ,..., x, ,... 1, so that we may start with any finite 
set of height one prime ideals in A and get an ascending chain of Krull domains 
in D. 
We end by pointing out a related problem: 
Let -2 and B be Krull domains A C B C A[$], and kB = k[x]. Let 
I, = {a j ax” E B, a E A}. If I, is divisorial for every n, is then _P n A a height 
one prime of A whenever P is an height one prime in B for which P n A # Cl ? 
In other words: Is Bf n k a localization of A for each height one prime ideal 
pinB? 
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